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Data Structures and Algorithms for Nearest NeighborSearch in General Metric SpacesPeter N. Yianilos�AbstractWe consider the computational problem of �nding nearestneighbors in general metric spaces. Of particular interest arespaces that may not be conveniently embedded or approxi-mated in Euclidian space, or where the dimensionality of aEuclidian representation is very high.Also relevant are high-dimensional Euclidian settings inwhich the distribution of data is in some sense of lower di-mension and embedded in the space.The vp-tree (vantage point tree) is introduced in severalforms, together with associated algorithms, as an improvedmethod for these di�cult search problems. Tree construc-tion executes in O(n log(n)) time, and search is under certaincircumstances and in the limit, O(log(n)) expected time.The theoretical basis for this approach is developed andthe results of several experiments are reported. In Euclidiancases, kd-tree performance is compared.Keywords | Metric Space, Nearest Neighbor, Computa-tional Geometry, Associative Memory, Randomized Methods,Pattern Recognition, Clustering.1 Introduction.Nearest neighbor analysis is a well established techniquefor non-parametric density estimation, pattern recogni-tion, memory-based reasoning, and vector quantization.It is also highly intuitive notion that seems to correspondin some way with the kind of inexact associative recallthat is clearly a component of biological intelligence.One useful abstraction of nearness is provided by theclassical notion of a mathematical metric space [1]. Eu-clidian n-space is but one example of a metric space.The Nearest Neighbor �eld includes the study of de-cision making and learning based on neighborhoods, theunderlying metrics and spaces, and the matter of com-puting/searching for the neighborhood about a point.See [2] for a recent survey. Our focus is on search, and,for simplicity, on locating any single nearest neighbor.Given a �xed �nite subset of the space and calling itthe database, our task is then to locate for each new querydrawn from the space, a database element nearest to it.As the database is �nite, we might search by consid-ering every member. But in a somewhat analogous set-ting, binary search can locate a queries position within a�nite ordered database while considering only log(n) ele-ments. Moreover, binary search proceeds given only ordi-�NEC Research Institute, 4 Independence Way, Princeton, NewJersey 08540, pny@research.nj.nec.com

nal knowledge. I.e., it doesn't matter what the databaseobjects are.So while the notions of ordering and metric-distanceare only loosely analogous, we are nevertheless motivatedto look for improved search methods that depend onlyon the information received through metric evaluation.Now binary search presumes that the database hasbeen sorted { an n log(n) process. We then seek to or-ganize our database in as much time so that under somecircumstances, logarithmic time search is possible.We introduce the vp-tree (vantage point tree) in severalforms as one solution. This data structure and the al-gorithms to build and search it were �rst discovered andimplemented by the author during 1986-871 in conjunc-tion with the development of improved retrieval tech-niques relating to the PF474 device [3]. Motivation wasprovided by the fact that this chip's notion of string dis-tance is non-Euclidian. Here elements of the metric spaceare strings, E.g., a database of city names and associatedpostal codes. This early work was described in [4].Independently, Uhlmann has reported the same basicstructure [5, 6] calling it a metric tree.There is a sizable Nearest Neighbor Search literature,and the vp-tree should properly be viewed as related toand descended from many earlier contributions which wenow proceed to summarize.Burkhard and Keller in [7] present three �le structuresfor nearest neighbor retrieval. All three involve pickingdistinguished elements, and structuring according to dis-tance from these members. Their techniques are coordi-nate free. The data structures amount to multi-way treescorresponding to integral valued metrics only.Fukunaga in [8, 9] exploits the triangle inequality to re-duce distance computations searching a hierarchical de-composition of Euclidian Space. His methods are re-stricted to a Euclidian setting only by his use of a com-puted mean point for each subset. However this is not anessential component of his approach { at least concep-tually. He recursively employs standard clustering [10]techniques to e�ect the decomposition and then branch-and-bound searches the resulting data structure. Dur-1First coded and tested in July of 1987 during a ProximityTechnology Inc. company workshop in Sunnyvale California. Par-ticipants in addition to the author were Samuel Buss (then at U.C.Berkeley/Mathematics), Mark Todorovich, and Mark Heising.
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ing search, the triangle inequality implies that a clus-ter need not be explored if the query is far enough out-side of it. While exploring a cluster at the lowest level,Fukunaga further points out that the triangle inequalitymay be used to eliminate additional distance computa-tions. A key point apparently overlooked, is that whenthe query is well inside of a cluster, the exterior need notbe searched.Collections of graphs are considered in [11] as an ab-stract metric space with a metric assuming discrete val-ues only. This work is thus highly related to the con-structions of [7]. In their concluding remarks the au-thors correctly anticipate generalization to more contin-uous settings such as Rn.The kd-tree of Friedman and Bentley [12, 13, 14, 15]has emerged as a useful tool in Euclidian spaces ofmoderate dimension. Improvements relating to high-dimensional settings, distribution adaptation, and incre-mental searches, are described in [16], [17], and [18] re-spectively.A kd-tree is built by recursively bisecting the databaseusing single coordinate position cuts. For a given coordi-nate, the database is cut at the median of the distributiongenerated by projection onto that coordinate. An opti-mized kd-tree results by choosing the cutting coordinateto be that whose distribution exhibits the most spread.In addition to various vp-tree forms, we have imple-mented optimized kd-tree software so that experimentalcomparisons can be made operating on identical spacesand given identical query sequences.Like the kd-tree, each vp-tree node cuts/divides thespace. But rather than using coordinate values, a vp-tree node employs distance from a selected vantage point.Near points make up the left/inside subspace while theright/outside subspace consists of far points. Proceedingrecursively, a binary tree is formed. Each of its nodesidenti�es a vantage point, and for its children (left/right),the node contains bounds of their associated subspaceas seen by the vantage point. Other forms of the vp-tree include additional subspace bounds and may employbuckets near leaf level.To build these structures, the metric space is decom-posed using large spherical cuts centered in a sense atelements near the corners of the space. This contrastswith the coordinate aligned hyperplanar cuts of the kd-tree (See Figures 1 & 2), and the use of computed Eu-clidian cluster centroids in [8]. Randomized algorithmsfor vp-tree construction execute in O(n � log(n)) time andthe resulting tree occupies linear space.For completeness, early work dealing with two specialcases should be mentioned. Retrieval of similar binarykeys is considered by Rivest in [19] and the L1 (max)metric setting is the focus of [20].More recently, the Voronoi digram [21] has provided auseful tool in low- dimensional Euclidian settings { and

Figure 1: vp-tree decomposition

Figure 2: kd-tree decompositionthe overall �eld and outlook of Computational Geometryhas yielded many interesting results such as those of [22,23, 24, 25] and earlier [26].Unfortunately neither the kd-tree, or the constructionsof computational geometry, seem to provide a practicalsolution for high dimensions. As dimension increases, thekd-tree soon visits nearly every database element whileother constructions rapidly consume storage space.Furthermore, even if the database is in some sense ofonly moderately high dimension, it may not be possibleor convenient to �nd or implement a dimension reducingtransformation. So it is important that we develop tech-niques that can deal with raw untransformed data, andexhibit behavior as close as possible to intrinsic ratherthan representational dimension.So despite considerable progress for Euclidian space,the development of more general techniques is important;



www.manaraa.com

not just because of the problems with high dimension,but also because there is no a priori reason to believethat all or even most useful metrics are Euclidian.In the sections that follow we will consider a probabilis-tic formulation of the problem and obtain certain theo-retical results, present the algorithms and data struc-tures for the vp-tree in several forms, and report on anumber of experiments. These experiments include Eu-clidian cases with side-by-side kd-tree comparisons, non-Euclidian spaces, and the di�cult real-world problem ofimage fragment retrieval. Here fragments as large as50 � 50 pixels are treated corresponding to representa-tional dimension 2; 500.2 Theoretical Insight and Basic Results.In this section we develop a simple but fairly generalresult which says that under certain circumstances, onemay organize a database so that expected search timeis logarithmic. It should be thought of as justifying inthe limit the algorithms and data structures presentedlater. Only elementary concepts from General Topologyand Measure/Probability Theory are employed.2.1 Notation. Given a metric space (S; d) and some�nite subset SD � S representing the database againstwhich nearest neighbor queries are to be made, our objec-tive is to somehow organize SD so that nearest neighborsmay be more e�ciently located.For a query q 2 S, the nearest neighbor problem thenconsists of �nding a single minimally distant member ofSD. We may write NN(q;SD) to stand for this operationwhere the space may be omitted for brevity.Now the element nearest to q may be quite far, andfor a particular problem it may be reasonable to imposea distance threshold � , at or beyond which one is unin-terested in the existence of neighbors. Also observe thatwhile computing NN(q), one may by reduce � as evernearer neighbors are encountered. We write NNj� (q;SD)to denote this important notion of � restricted search.Next we will assume that the range of the space's dis-tance distance function is [0; 1]. Since any metric's rangemay be compressed to this interval without a�ecting thenearest-neighbor relation2, this restriction may be madewithout loss of generality3.2.2 Vantage Points. Each element of a metric spacehas in a sense a perspective on the entire space; formedby considering its distances to every other element. Thisperspective need not however contain any information.Consider the pathological case of the discrete metric inwhich the distance between any pair of distinct points is2Bounded metrics may simply be scaled. Unbounded metricsmay be adjusted using the well known formula: �d(a; b) = d(a;b)1+d(a;b) .3The method of compression may a�ect search e�ciency/time,but not the result.

one. Here, full-space search is unavoidable. However, tothe extent that information is present, we will see thatnearest neighbor search may bene�t.We begin by formalizing this notion of perspective andde�ning a related pseudo-distance function:De�nition 1 Let (S; d) be a [0; 1] bounded metric space.Given a distinguished element p 2 S, we make the fol-lowing de�nitions for all a; b 2 S:1. �p : S ! [0; 1] is given by: �p(a) = d(a; p).2. dp : S � S ! [0; 1] is given by: dp(a; b) = j�p(a) ��p(b)j = jd(a; p)� d(b; p)j.Function �p is best thought of as a projection of S into[0; 1], from the perspective of p. I.e. it is S as seen byp, via d. Function dp is not in general a metric since ifa and b are distinct but equidistant from p, dp(a; b) = 0.It is however a clearly symmetric function and satis�esthe triangle inequality, making it a pseudo-metric.Now since d is a metric we may rely on symmetry andthe triangle inequality to arrive at:d(a; b) � jd(a; p)� d(b; p)j = dp(a; b)Hence, distances shrink when measured by dp so thatd in a sense dominates it. One useful consequence of thisbehavior is given by the following obvious implication:dp(a; b) � � ) d(a; b) � � (2.1)So if during a search we've already encountered adatabase element x at distance � from q, then as oursearch progresses, we need not consider any element forwhich dp(q; x) � � . Thus, in the absence of coordi-nates or Euclidian structure, we can begin to see howquery's distance to a distinguished vantage point may beexploited to e�ectively direct and limit the search.For some p 2 SD consider now the image �p(SD) ofSD in [0; 1]. Next denote by � the median of �p(SD)thus dividing [0; 1] into [0; �) and [�; 1]. The �rst ofthese intervals contains points from the inside the sphereS(p; �), while the second consists of points from outsideand on the surface. We denote the inverse images ofthese SpL and SpR respectively; and imagine that SD isdivided in this way into left and right subspaces.Now NL = jSpL j counts the points of SD mapped leftto [0; �), while NR = jSpR j counts those sent right to[�; 1]. We can say little in general about the compara-tive sizes of NL and NR since nothing has been assumedabout the nature of the metric space. In particular ifthere are many points of SD exactly distance � from p,then NR may be much larger than NL.But if spheres in (SD ; �) typically have on their sur-face relatively few members of SD , then we can say thatNL � NR, i.e, we have partitioned SD into two subsetsof roughly equal size.
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Now suppose for a given q, that our objective isNNj� (q), and that �p(q) � � + � . Then it follows fromEQ- 2.1 that SpL may be excluded from consideration.Similarly if �p(q) � �� � , we may ignore SpR . In bothcases then, roughly half the space is excluded from con-sideration. Thus, the information gleaned from a singlepoint's perspective is sometimes su�cient to signi�cantlyprune the search. However if ��� < �p(q) < �+� , thenno such reduction is possible.So it is clear that our ability to prune is dependent ona fortuitous choice of p and q, on � , and on our abilityto choose NL � NR. We will succeed to the extent thatit is improbable that �p(q) 2 (�� �; �+ �) (Figure 3).If our probability distribution is in some sense nice (seex2.3), then we can make this probability approach zeroas � does. So that for � su�ciently small, we will withhigh probability exclude approximately half of the spacefrom consideration.
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Figure 3: A continuous rendering of the density of�p(SD) in [0,1] { and a � neighborhood of median �It is easy now to see how we may recursively proceedto form a binary tree. This then forms the most basicvp-tree. Speci�c construction and search algorithms arepresented in x3.2.3 A Probabilistic Viewpoint. Since individual in-stances of �nite metric spaces (databases) may be patho-logical for nearest neighbor search, we are led to formu-late the problem in probabilistic terms and seek expectedtime results.We therefore de�ne probability measure P whichwe assume re
ects the distribution from which bothdatabase elements and queries are drawn4. It is worth-while noting that the arguments that follow may be gen-eralized to deal with separate distributions.Now from EQ- 2.1 it is clear that mapping �p is uni-formly continuous, from which it follows that the inverseimages of any point or interval (whether open, closed, or4We can do this in general by choosing the smallest sigma-algebra containing the space's metric topology, and de�ning a mea-sure on it.

half-open) must have de�ned probability.Thus, given some such point or interval X , we may forthe sake of notational simplicity refer to P (X) which isunderstood to mean P (��1p (X)). So if x 2 [0; 1], thenP (x) is the probability of the surface of sphere S(p; x).Now in the case of the discrete metric, there is aboutevery point a spherical surface of probability one. This isin stark contrast to Euclidian settings where any volumerelated probability measure results in zero probabilityspherical surfaces. Remembering that the discrete metricis pathological to nearest neighbor schemes, we are ledto consider metrics which share this property.De�nition 2 Let (S; d; P ) be a metric space with as-sociated probability measure P , the combination is saidto have the ZPS (Zero Probability Spheres) property ifand only if: P (Ss(x; r)) = 0;8x 2 S; r � 0, whereSs(x; r) = fy 2 Sjd(y; x) = rg.The discrete metric is thus excluded along with manyother cases. This is however a very strong condition. Weassume it for simplicity's sake but comment that thereare several ways to weaken it while preserving the essenceof the arguments that follow.2.4 Basic Results. The probability of a countable in-tersection of nested sets, is just the limit of the individualprobabilities. This and ZPS then imply that about anyx 2 [0; 1], there exists an interval of arbitrarily smallprobability. Nothing more than this basic observation isnecessary to establish the two simple theorems that fol-low. It is however worth remarking that uniform conver-gence to zero probability can be established. I.e., given� > 0, there exists N su�ciently large, so that everyinterval of the canonical [0; 1] N -partitioning, has prob-ability less than �.We now make more rigorous our earlier comments re-garding procedures for recursive space bisection.Theorem 1 Let (S; d; P ), be a [0; 1] bounded metricspace with the ZPS property under probability measureP . Then except for cases of probability zero, every size ndatabase SD � S drawn from P , may be organized into abinary tree; so that given M > 1, and queries `q' drawnfrom P , 9 � > 0 such that NNj� (q;SD) may be computedusing at most M � blog2(n)+1c metric evaluations on anexpected basis.Proof: Let d = blog2(n)+1c and if n < 2d�1 draw additionalelements until equality.Pick some p1 2 SD and consider �p(SD �fp1g). Set value�1 so that equally many image points are to its left and right.Continue recursively bisecting the space { forming a binarytree and establishing �i for each non-leaf element of SD. ByZPS this is almost always possible (failure probability zero).De�ne � = (M1=(d�1) � 1)=2 so M = (1 + 2�)d�1.Associate with p1 values  L1 = P ([0; �1)) and  R1 =P ([�1; 1]). Now by our earlier comments we may choose �1such that P ([�1 � �1; �1 + �1]) < �.
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In what follows we will proceed recursively to associate  and � values to each non-leaf node.The root's probability function is just P . We de�ne thatof its left child to be essentially PL = P j[0; �1+ �1) but moreformally PL(X) = P (X \��1p1 ([0; �1 + �1)))=P ([0; �1 + �1)).To understand this observe that NNj�1 search will exploreleftward only if �(q) 2 [0; �1 + �1). An alternative view isthat the left subtree is only concerned with the subspace��1p1 ([0; �1 + �1)) and sees it as the entire space. In a similarway we associate a new probability function with the rightchild. Now it must be noted that these modi�ed functionsremain probability measures, and inherit ZPS.Having done this,  and � values may be associated withthe left and right child. This enables the process to continuedown the tree until all non-leaf nodes have values. Finally set� = min �i.For a query q drawn by P , We compute NNj� (q) starting atthe root. Thus a single metric evaluation is always performed.Then with probability of no more than  L1 + �, we will berequired to explore leftward. The probability of rightwardexploration is similarly bounded by  R1+�. In both cases thesubtrees will see the query as random within their subspacesof interest.If leaf level is reached, a single evaluation is always per-formed. It then follows that the overall cost (metric evalua-tions) of the search is on an expected basis is the value F (d)where F (1) = 1 and F (i) = 1 + (1 + 2�)F (i � 1). This re-cursion evaluates to F (d) =Pd�10 (1+ 2�)i which is boundedabove by (1 + 2�)d�1d =M � blog2(n) + 1c 2A result similar in 
avor may be proven in which a treeis built and used to classify additional members of thespace so that all buckets (leaf levels) have equal probabil-ity. Each of these leaves then correspond to a subspaceof the metric space and we have in e�ect then equipar-titioned the space with respect to the probability distri-bution. This is analogous to vector quantization in Eu-clidian space. Thinking of the root-leaf path as a binarycode, we might also interpret it as metric space hashing.Theorem 2 Let (S; d; P ), be a [0; 1] bounded metricspace with the ZPS property under probability measureP . Then for any �xed database size n, and M > 1, 9� > 0 such that we may compute NNj� (q;SD) with atmost M � dlog2(n) + 1e expected metric evaluations; asdatabases SD � S and queries `q' are drawn from P .Proof: For brevity's sake assume n is a power of 2. As inthe previous theorem we will build a binary tree. Before wewere forced to bisect a particular �nite database at each levelso that in general  L 6=  R. Here we begin by building abalanced binary tree so that its initial dlog2(n) + 1e levelshave  Li =  Ri = 1=2. We may do this by picking for theroot an arbitrary element, then setting the root's � so that L =  R. Having done this we may pick a vantage point forthe left and right children from the associated subspaces andproceed recursively to the required depth.Observe that the leaf level subspaces have equal probabilityof 1=n. As for theorem- 1 we may �nd � for this tree so thatwe expect to visit at mostM � dlog2(n)+1e nodes. So clearlyno more than this number of leaf nodes will be visited on anexpected basis.Now each element of a particular drawn database may beclassi�ed and then attached to this tree by �rst identifyingwhich of the 1=n leaf partitions it belongs to, and adding itto an initially empty list rooted at and replacing the corre-sponding leaf node. The expected size of each list is clearly

one. So the �nal expected number of metric evaluations re-mains M � dlog2(n) + 1e. 2These theorems describe binary constructions to mo-tivate the algorithms and experiments which follow; buthigher degree trees may be built by further partitioning[0; 1]. In the extreme case the root has degree n andonly three metric evaluations are expected. As a practi-cal matter however, the � values necessary to approacheven log2(n) search are so small as to be of little practicalvalue. So the basic theorems presented are best thoughtof as existence results which establish a theoretical foun-dation while motivating algorithm development.2.5 Corners of the Space. Now it is fairly clear thatwe'd like � as large as possible; and its value dependson �p and hence on p. This then suggests that someelements of the space may be better vantage points thanothers. We are thus lead to consider the problem of se-lecting a vantage point.As an example consider the unit square with uniformprobability distribution. Here we must choose � so thattwo regions of area 0:5 result. Three natural choices forp consist of the square's midpoint (denoted pm), a corner(denoted pc), and the midpoint of an edge (denoted pe).These along with their associated division boundaries areillustrated in Figure 4.
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Figure 4: Natural choices for p to divide the unit squareTo choose among them, notice that for small � thelength of the boundary will be proportional in the limitto the probability that no pruning takes place. Thus min-imizing these boundary lengths (denoted b in the �gure)is the obvious strategy.Observe that pm is by far the worst choice as its bound-ary length is double that of pc. Choice pe is also muchbetter than pm, but not quite as good as pc. It is interest-ing to note that from a traditional clustering viewpoint,pm is the natural centroid. But we have seen that it isfar from the best choice. From this example we drawthe intuition that points near the corners of the space
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make the best vantage points. (See again the vp-treedecomposition of Figure- 1).These simple results then suggest a strategy for van-tage point selection, and given a particular distribution,provide a framework for drawing more conclusions. TheZPS distribution restriction is key to achieving them;and our overall outlook in which �nite cases are imag-ined to be drawn from a larger more continuous space,distinguishes in part this work from the discrete distancesetting of [7, 11].2.6 Set Perspectives.We have seen that a single dis-tinguished element p, induces a pseudo-metric dp, whichis always dominated by d. More generally, we observethat each size n �nite subset P of a metric space, consid-ered as vantage points, induces a natural mapping intoEuclidian n-space. I.e. the i-th coordinate of the imageof x, is just �pi(x).Under L1 then, distances in the Euclidian range spaceare always dominated by distances in the domain. Thisamounts to Euclidian approximation of the original met-ric. This mapping and elementary observation will helpus later de�ne enhanced forms of the vp-tree.3 Algorithms and Data Structures.3.1 The Simplest vp-tree.We begin by presenting asimple algorithm for vp-tree construction. The root cor-responds to the entire space. Its distinguished vantagepoint then splits the space into left and right subspacescorresponding to the root's left and right tree descen-dants. Similarly, each node is thought of as correspond-ing to an ever smaller subset of the database.An optimized tree results because function Select vpendevours to pick better than random vantage points.Replacing it with a simple random selection generates avalid and e�ective tree; but experiments have shown thatsome e�ort towards making better choices, results in non-trivial search-time savings. Our algorithm constructs aset of vantage point candidates by random sampling, andthen evaluates each of them. Evaluation is accomplishedby extracting another sample, from which the medianof �p(S), and a corresponding moment are estimated.Finally, based on these statistical images, the candidatewith the largest moment is chosen. Given constant sizesamples, execution time is O(n log(n)). Our experimen-tal implementation includes several sampling and evalu-ation parameters.Algorithm 1 Given set S of metric space elements; re-turns pointer to the root of an optimized vp-tree.function Make vp tree(S)if S = ; then return ;new(node);node".p := Select vp(S);node".mu := Medians2S d(p; s);

L := fs 2 S�fpgjd(p; s) < mug;R := fs 2 S�fpgjd(p; s) � mug;node".left := Make vp tree(L);node".right := Make vp tree(R);return node;function Select vp(S)P := Random sample of S;best spread := 0;for p 2 PD := Random sample of S;mu := Mediand2D d(p; d);spread := 2nd-Momentd2D (d(p; d)�mu);if spread > best spreadbest spread := spread; best p := p;return best p;In the simple construction above, only mu is retainedin a node to describe the metric relationship of theleft/right subspaces to the node's vantage point. At theexpense of storage space, one may retain instead four val-ues representing lower/upper bounds of each subspace asseen by the vantage point. It is this form of tree that isactually used in the experiments we later report.3.2 The vps-tree. Now notice that in the course ofexecution, an element of S is compared with the vantagepoint belonging to each of its ancestors in the tree. Thisinformation is also not captured in the simple tree de-scribed above. Retaining it in a particular way results ina vps-tree { the construction of which we now describe.The central working structure employed consists of adatabase element identi�er `id', and a list `hist' of dis-tances from the item to each vantage point tracing backto the root. A list of these structures is initialized fromthe entire database, with the history set to null. Thealgorithm then recursively splits the list into two lists Land R, while adding to the history of each item. Each re-sulting tree node then contains a list `bnds' giving lowerand upper bounds (a range interval) for its correspondingsubspace as seen by each ancestral vantage point.Execution time remains O(n log(n)). Assuming �xedprecision is used to represent the bounds, the tree occu-pies linear space. But this is an asymptotic statement,and over the practical range of n, and given �xed machineword sizes, the space is better described by O(n log(n)).Algorithm 2 Given set S of metric space elements; re-turns pointer to the root of an optimized vps-tree.function Make vps tree(S)list = ;;for s 2 Snew(item); item".id := "s; item".hist := ;;add item to list;return Recurse vps tree(list);function Recurse vps tree(list)if list = ; then return ;new(node); node".p := Select vp(list);
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delete node".p from list;for item 2 listappend d(p,item".id) to item".hist;mu := Medianitem2list tail(item".hist);L := ;; R := ;;for item 2 listif tail(item".hist) < mu thenadd item to L, delete from list;elseadd item to R, delete from list;node".left := Recurse vps tree(L);node".right := Recurse vps tree(R);node".bnds := Merge(node".left".bnds,node".right".bnds,node".p".hist);return node;function Merge(range list1,range list2,value list)\The two range lists are combined withthe value list to yield a single range listwhich is returned."5There's no guaranty that these algorithms build a bal-anced tree7 { for in practice, the ZPS assumption maynot hold. Furthermore, even if it does, we may draw arather pathological database. So in the end, the balanceachieved is problem dependent.3.3 The vpsb-tree. Our constructions so far have in-volved a single node structure. We now consider one wayto form buckets of leaves in order to save space whilepreserving the notion of ancestral history present in thevps-tree. Buckets are formed by collapsing subtrees nearleaf level into a 
at structure. Each bucket contains saynb element records. Each record must specify an id, andin addition holds distance entries for every ancestor. Wecall the resulting structure a vpsb-tree. In our implemen-tation the bucket distance values are quantized so as tooccupy only 2-bytes.One may think of these vectors of distances, as theimage of an element under the set perspective mappingde�ned by the ordered set of its ancestors. (x2.6)The data structures corresponding to these three treetypes are depicted in Figure- 5. Database elements arerepresented by a 4-byte integer, real values by a 4-byte
oat, and bucket distances by a 2-byte integer. Thesecorrespond closely to our experimental implementation;except that the vp-tree we implement contains subspacebounds rather than the single value mu.3.4 Searching the tree. We present a single searchalgorithm which describes search in a vp-tree where anode contains subspace bounds for each child. The algo-rithm is easily generalized to the other tree forms. It is a5The length of the third argument value list determines thelength of list returned. By combined we mean the production foreach ancestral vantage point, of a single lower/upper bound basedon the corresponding information within the three arguments.7And we've not considered the issue of median ambiguity.
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Figure 5: Sample 32-bit machine data structure imple-mentations for the most basic vp-tree, the vps-tree, andthe vpsb-tree.straightforward recursive branch-and-bound tree searchin which variable tau keeps track of the closest neigh-bor yet encountered. Subtrees are then pruned when themetric information stored in the tree su�ces to provethat further consideration is futile. I.e., cannot yield astrictly closer neighbor.Algorithm 3 Called with query `q' and the root of avp-tree; returns the `id' of a nearest neighbor in globalvariable `best'. Before calling, global variable `tau' is setto the desired search radius and `best' should be set to;. Setting tau to 1 then searches without constraint. Onreturn `tau' is the distance to `best'. We denote by ILthe open interval whose left endpoint is n".left bnd[low]-tau and right endpoint is n".left bnd[high]+tau. Openinterval IR is de�ned similarly.procedure Search(n)if n = ; then return ;x := d(q,n".id);if x < tau thentau := x;best := n".id;middle := (n".left bnd[high] + n".right bnd[low])/2;if x < middle thenif x 2 IL thenSearch(n".left);if x 2 IR thenSearch(n".right);elseif x 2 IR thenSearch(n".right);if x 2 IL thenSearch(n".left);
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Notice that the order of exploration is determined bycomparison with the middle value computed. This isproperly viewed as a heuristic. In high dimensions thismay not be the best choice and branching order repre-sents an interesting area for future work.Actual databases, particularly those consisting of sig-nals or images, frequently contain large clusters of verysimilar items. In these cases one may �nd that searchrapidly locates a very near neighbor, and then performsmuch more work which yields only a very slightly neareritem. Because of this problem, our implementation in-cludes an error tolerance setting which in e�ect narrowsintervals IL and IR. E.g. Given tolerance 0.01, the pro-cedure will return a neighbor which is guaranteed to beat most 0.01 more distant from the query than its truenearest neighbor.Now having summarized and sketched our algorithmsand data structures, we turn to experimental results.4 Selected Experimental Results.A modular software system was built with plug-in met-ric spaces and search routines. Two basic metric spacesettings were implemented: hypercubes, and image frag-ments. Both support various metrics including the stan-dard Minkowski family.4.1 Hypercubes.We very nearly reproduce certain ofthe experimental settings from [13] and use them to beginour process of evaluation. Hypercubes of increasing di-mension are �rst considered, each containing a databaseconsisting of 8,192 coordinate-wise normally distributedpseudorandom points.The vp-tree8 and kd-tree are compared for the L1, L2,and L1 metrics as dimension ranges from 2 to 14. Sinceinterior vp-tree nodes contain data elements while thekd-tree contains data elements at its leaf level only, weuse total nodes visited to measure complexity. The re-sulting statistics were observed to agree well with actualCPU time used.Figure 6 demonstrates the remarkable agreement be-tween these two methods for the L2 metric. Similaragreement is found for the L1 metric, while for L1, thevp-tree maintains a small constant advantage. Detailedexamination of the results does however reveal one qual-itative di�erence which increases with dimension. By di-mension 14, the kd-tree visits roughly 5:7 times as manynodes under L1 versus L1. The ratio for vp-tree searchis only 1:7. This suggests that vp-tree performance maybe 
atter with respect to choice of metric.If dimension is �xed and database size grows, we8In all of our experiments, �xed sample sizes are employed tochoose and evaluate vantage points. In hypercube settings, weevaluate 100 random vantage point candidates by computing theirdistance to 100 random database elements. For image experiments,only 10 candidates are drawn.
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Figure 7: Search Cost vs. Database Size - Dimension 8The kd-tree does however eventually catch up in thisrandom hypercube environment. By dimension 12 forexample, it visits fewer nodes than vps-tree search oncedatabase size grows beyond 30; 000. By this point how-ever, neither perform very well { visiting roughly 25% ofthe nodes.So despite their ignorance of the coordinate structureof the space, and randomized construction, vp-trees com-pare well in this setting with the kd-tree.Comparisons with the experiments of [8] are more dif-�cult because leaf level buckets are employed. Neverthe-less, based purely on metric evaluations, the kd-tree andvp/vps-tree methods produce superior results.4.2 Random Linear Embedding. As a simple em-bedding model, we construct random linear rotation ma-trices which correspond to isometric embeddings of Rminto Rn where n > m.
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Pseudorandom databases are then drawn in acoordinate-wise uniform fashion within Rm and mappedto the longer vectors of Rn.To study this setting we de�ne three types of querydistribution { all pseudo-random but con�ned to di�er-ent subspaces:T1: Drawn in Rm and then mapped to Rn.T2: Drawn in Rn.T3: Drawn in Rm, mapped, and then combined with Rnnoise having maximum amplitude �.The �rst two of these are fairly clear; the third requiresexplanation. It is proposed as a better model for theindependent e�ects of subspace and observational error.We �rst embed a plane into 10-dimensional space(n = 10, m = 2) and draw a 2,000 element database. Ta-ble 1 contains the results. The values shown are averagenodes visited. Its �rst and last columns contain for com-parison purposes, performance for fully- random 2 and10 dimensional hypercubes. The `R2 7! R10' columnscontain results for a 2-dimensional space embedded in10-space given types 1 and 2 queries.R2 R2 7!R10 R2 7!R10 R10Type 1 Type 2kd 21 31 3833 816vp 15 15 279 1048vps 12 12 246 698Table 1: Basic Embedding Search ExampleAll trees perform well given type 1 queries and de-grade for type 2. But notice that the kd-tree searchesnearly every node 9 when presented with type 2 queries.In fact, its performance is markedly worse that in thefully random 10-dimensional setting. This illustrates theweakness of coordinate-based schemes and the pitfalls ofassuming that random cases are indicative in any way ofoverall performance.If this same database is now embedded into ever higherdimensions (3 through 50) and type 3 queries presented,Figure 8 results. In this graph, � (the amplitude of addednoise) is expressed on the horizontal axis in normalizedunits.10 The bottom group of six curves corresponds tovp-tree performance for range spaces of increasing di-mension. The upper group provides kd-tree results. Itis apparent that vp-tree performance degrades in a morereasonable fashion for queries increasingly distant fromthe data plane.9There are 4,000 total.10The unit consists of the average distance from a type 1 queryto its nearest neighbor. So � = 1 then corresponds to added Rnnoise of comparable amplitude.
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Figure 8: O� Data Plane Queries for Range Spaces ofIncreasing Dimension.Similar results are obtained given much largerdatabases and given databases as simple as a mere lineembedded in Rn.These results suggest that if one is given a database ofunknown internal structure, the vp-tree may representa better approach to organization for nearest neighborretrieval.4.3 Image Retrieval. To test the method on a dif-�cult real-world problem, a library of 16 B&W digitalimages measuring 604� 486 pixels was built. Our met-ric space is the set of all �xed size subimages (windows).Sizes 4�4, 8�8, 16�16, 32�32, and, 50�50 are consid-ered. So for example, a single library image correspondsto 260; 715 metric space elements of size 32� 32.The Euclidian metric is then applied and nearestneighbor retrieval e�ectiveness studied. The vp-treesbuilt were very nearly balanced although large uniformregions (e.g. the sky) represent pathological subspacescreating occasional deep subtrees. Databases built fromas many as 8 library images were considered correspond-ing to a metric space and vp-tree having over two millionmembers.For queries from the database, our depth-�rst branchand bound search reduces to standard binary tree searchand the query is located without backtracking. Exactlyd node visits are then required where this refers to thedepth in the tree of the element matching the query.For queries even slightly distant from a database mem-ber, considerably more work is necessary. For windowsize 32 � 32 and trees of roughly one million elements,5% of the nodes are visited on average to satisfy verynear queries while 15% are visited in the general case.In one series of experiments we choose subsets of fourimages each, and formed vp-trees. Searches were thenperformed using two query sources. The �rst source(general) consisted of a subset of six images di�erentfrom each of the database images. The second source(similar) consisted of a pair of images captured so as
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to correspond very closely to a database image in eachof the subsets. The results are summarized in table- 2where the percentages shown are averages over the twodatabases.11Queries 4�4 8�8 16�16 32�32 50�50Similar 1.0% 3.4% 4.5% 4.5% 5.2%General 1.4% 5.7% 10.7% 15.7% 19.3%Table 2: Image Search ResultsFigures 9 and 10 depict 32 � 32-pixel query/nearest-neighbor pairs for the similar and general casesrespectively.12

Figure 9: A query (left) nearest neighbor pair where thequery is drawn from an image very similar to one in thedatabase.Limited experiments with vpsb-tree trees result in per-formance improvements that vary greatly, but seem tofall in the 15� 30% range.We do not expect the kd-tree to perform well for largewindows but perform experiments to verify our intuition.Indeed, little advantage is gained over exhaustive searchfor window sizes as small as 16� 16.Reducing search radius � does decrease vp-tree searchtime but signi�cant savings are achieved only at the ex-pense of search e�ectiveness. In one experiment � wasreduced until search time was roughly halved. At thisradius however, a nearest neighbor was located for onlyhalf of the queries. In another radius related experimentusing single queries, we reduced � to only slightly morethan the known distance to their nearest neighbor { thus11Our use of a pair of databases represents a crude statisticalprecaution necessary due to the small number of images we cancomputationally a�ord to deal with. Despite this measure, and ourcareful attempts to build a varied image set, we are mindful of thefact that the entire space of naturally occurring images is immenseindeed in comparison with our experiments. One should thereforenot conclude that the statistics we report are representative of thefully general case.12The value displayed in these �gures represents Euclidian dis-tance between the query/database-element pair.

Figure 10: A query (left) nearest neighbor pair wherethe query is drawn from an image entirely di�erent fromanything in the database.insuring search success. In one case, the nearest neigh-bor was located after only 1200 node visits, with an ad-ditional 13,799 required to complete the search. We o�erthis as illustration that �nding a nearest neighbor and be-ing sure are two separate matters { with the latter oftendominating total cost.This and other experiments suggest that heuristicsearch techniques represent an interesting area for fur-ther investigation. Indeed, independent of its ability to�nd nearest neighbors and prove it, the vp-tree methodusing only the simple search technique described, seemsto very rapidly locate highly similar database elements.In some applications this may su�ce.Image searches with error tolerance (x3.4) also result inreduced work. Our limited experiments suggest howeverthat reasonable tolerance values provide savings of atmost perhaps a factor of two.Finally, independent of search-time re�nements, betterdata structures and construction techniques, represent aclear opportunity for future work.4.4 Non-Euclidian Examples. To illustrate thepromised generality of our methods, two non-Euclidiancases are considered: 1) the pseudometric13 that arisesfrom normalized correlation. It measures the angle thattwo points form with the origin. and, 2) the ordi-nary Euclidian vector distance d(X;Y ) normalized by(kXk+ kY k). That the result is a metric follows from atedious argument provided in [27]. In both cases the vp-tree is applied to randomly constructed databases andexhibits search performance that corresponds well qual-itatively to a standard Euclidian setting.13Our methods have been presented for metric spaces only butmay be generalized to pseudo-metric spaces.
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5 Concluding Remarks.We have come to view the vp-tree construction andsearch processes as somewhat analogous to standardsort and binary search in one dimension { �rst becauseof their complexity, but perhaps more importantly be-cause both primarily exploit ordinal rather than cardi-nal/representational information.One may sort a �le or build a binary tree of arbitraryobjects given only an appropriate comparison function.By analogy, we have shown that a metric space may beorganized for nearest neighbor retrieval given only themetric { without consideration of any particular repre-sentation such as a coordinate form. So for example, wewill build the same vp-tree for a database in Euclidianspace, independent of coordinate system.We propose that techniques such as those of this pa-per should be used to develop application portable utilitysoftware for dynamic organization of and nearest neigh-bor retrieval from databases under application speci�cmetrics.Finally we observe that both kd-trees and vp-trees maybe viewed as very special cases arising from particularuniformly continuous functionals and lying within thedivide-and-conquer algorithmic paradigm. In one casecoordinate projection, and in the other, distance fromdistinguished elements is used to hierarchically decom-pose space.6 Acknowledgements.I thank Eric Baum, Bill Gear, Igor Rivin, and WarrenSmith for helpful discussions.References[1] J. L. Kelly, General Topology. New York: D. Van Nos-trand, 1955.[2] B. V. Dasarathy, ed., Nearest neighbor pattern classi�-cation techniques. IEEE Computer Society Press, 1991.[3] P. N. Yianilos, \A dedicated comparator matches sym-bol strings fast and intelligently," Electronics Magazine,December 1983.[4] P. N. Yianilos, \New methods for neighborhood searchesin metric spaces." Invited Talk: The Institute for De-fense Analyses, Princeton, NJ, July 23 1990.[5] J. K. Uhlmann, \Satisfying general proximity/similarityqueries with metric trees," Information Processing Let-ters, November 1991.[6] J. K. Uhlmann, \Metric trees," Applied MathematicsLetters, vol. 4, no. 5, 1991.[7] W. A. Burkhard and R. M. Keller, \Some approachesto best-match �le searching," Communications of theACM, vol. 16, April 1973.[8] K. Fukunaga, \A branch and bound algorithm forcomputing k-nearest neighbors," IEEE Transactions onComputers, July 1975.
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